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ABSTRACT 


Motivated by recent applications of Carroll symmetries we investigate the geometry of 
flat and curved (AdS) Carroll space and the symmetries of a particle moving in such a space 
both in the bosonic as well as in the supersymmetric case. In the bosonic case we find that 
the Carroll particle possesses an infinite-dimensional symmetry which only in the flat case 
includes dilatations. The duality between the Bargmann and Carroll algebra, relevant for 
the flat case, does not extend to the curved case. 

In the supersymmetric case we study the dynamics of the AA = 1 AdS Carroll superparti¬ 
cle. Only in the flat limit we find that the action is invariant under an infinite-dimensional 
symmetry that includes a supersymmetric extension of the Lifshitz Carroll algebra with 
dynamical exponent z = 0. We also discuss in the flat case the extension to = 2 super- 
symmetry and show that the flat M = 2 superparticle is equivalent to the (non-moving) 
If = 1 superparticle and that therefore it is not BPS unlike its Calilei counterpart. This is 
due to the fact that in this case kappa-symmetry eliminates the linearized supersymmetry. 

In an appendix we discuss the M = 2 curved case in three dimensions only and show 
that there are two N = 2 theories that are physically different. 
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1 Introduction 


Space-time symmetries have played a central role in the understanding of various physical 
theories such as Newtonian Gravity, Maxwell’s Electromagnetism, Special Relativity, Gen¬ 
eral Relativity, Strings and Supergravity. Most of these models are based on relativistic 
symmetries. An example of a model with non-relativistic symmetries is Newtonian Gravity 
which is based on the Galilei symmetries. Such non-relativistic symmetries arise when the 
velocity of light is sent to infinity. 

A formulation of non-relativistic gravity that is invariant under diffeomorphisms was 
introduced by Cartan [1], see also [2-6]. This so-called Newton-Gartan gravity can be 
reformulated as a gauge theory of the Bargmann algebra [7,8]. The interest in Galilean- 
invariant theories with diffeomorphism invariance has increased recently due to their relation 
with condensed matter systems [9-11], see also [12,13] and references therein. Galilean- 
invariant theories have also appeared recently in studies of Lifshitz holography [14,15]. 

Other non-relativistic theories such as non-relativistic superstrings and superbranes have 
been studied as special points in the parameter space of M-theory [16,17]. Non-relativistic 
strings have also attracted attention due to the fact that they appear as a possible soluble 
sector within string theory or M-theory [18,19]. 

A less well known example of a non-relativistic symmetry are the Carroll symmetries 
which arise when the velocity of light is sent to zero [20] . In this sense the Carroll symmetries 
are the opposite to the Galilei symmetries. This can also be seen by looking at the light 
cone which in the Carroll case, at each point of spacetime, collapses to the time axis whereas 
in the Galilei case it coincides with the space axis. These Carroll symmetries have played 
an important role in recent investigations. For instance, theories with Carroll symmetries 
occur in studies of tachyon condensation [21]. More recently, they also have appeared in 
the study of warped conformal field theories [22]. 

A systematic investigation of the possible relativity groups^ was initiated by Bacry and 
Levy-Leblond [23]. They showed that all these groups can be obtained by a contraction 
of the anti-de Sitter (AdS) and de Sitter (dS) groups^. As Table 1 shows there are three 
different types of contractions: the non-relativistic limit c —)• oo of the AdS group leads to 
the Newton-Hooke (NH) group. The flat limit R ^ oo leads to the Poincare (P) group and 
the ultra-relativistic limit c —)■ 0 leads to the AdS-Carroll (AC) group [20]^. In a second 
stage, the flat limit of the AdS-Carroll group and the ultra-relativistic limit of the Poincare 
group leads to the Carroll (C) group while the non-relativistic limit of the Poincare group 
and the flat limit of the Newton-Hooke group leads to the Galilean (G) group. 

All the algebras corresponding to the groups given in Table 1 contain the same commu¬ 
tators involving spatial rotations. These commutators are given by 


[Mab, Med] = ‘^'na[cMd]b - ‘^Vb[cMd]a ) 

[Mab,Pc\ = 2hc[fcPa] , [Mab, Kc] = 2de[bKa] 


( 1 . 1 ) 

( 1 . 2 ) 


relativity group is an invariance group of a physical theory that contains the generators of special 


relativity: time translations, spatial translations, boosts and spatial rotations. 
^In this paper we will only consider the AdS case. 

^Bacry and Levy-Leblond [23] call this algebra the para-Poincare algebra. 
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G 


Table 1 

The figure displays the different contractions of the AdS group. The different abbreviations are explained 

in the text. 


where a = 1,..., D — 1, for a L)-dimensional space-time. The Galilean algebra can extended 
with a central charge generator Z to the so-called Bargmann algebra [24]. It has been 
recently shown that there is a duality between this Bargmann algebra and the Carroll 
algebra by the exchange of Z and the generator of time translations H [25]. Note that this 
duality does not extend to a duality between the Newton-Hooke and AdS-Carroll algebras. 
This is due to the expression for the commutator [Pa,Ph]-, see Table 2. 

The aim of this paper is to study the general structure of the Carroll symmetries along 
the same lines as this has been done for the Galilean symmetries. This will be done in two 
stages. As a first step we will study the geometry of the empty Carroll space considering the 
coset G/H = AC/Hom AC, where Horn AC is the homogeneous part of the AC algebra. In 
a second step we will put a particle in this Carroll space and construct an action describing 
its dynamics. 

More specifically, in the first part of this paper we consider the bosonic AC algebra. 
In particular, we will construct the action of a particle invariant under the symmetries 
corresponding to this algebra using the method of non-linear realizations [26,27]. This so- 
called AC particle reduces, in the limit that the AdS radius goes to infinity, to the Carroll 
particle that we studied in our previous paper [28]. A characteristic feature of the free 
Carroll particle is that it does not move [25,28,29]^. As we will see the AC particle does 
not move, but unlike the Carroll particle the momenta are not a constant of motion as a 
consequence of the AdS-Carroll symmetry. Another difference with the Carroll particle is 
that the mass-shell constraint depends on the coordinates of the AC space, therefore the AC 
particle ‘sees’ the geometry. This is different from the Carroll case where the energy of the 
particle is equal to plus or minus the mass [25,28]. We find that only in the massless limit 
the mass-shell constraint coincides with the flat Carroll case. Using the AC particle action 
we will construct the Killing equations for the AC space. We find that the solution of the 
Killing equations produces an infinite-dimensional algebra that contains the symmetries of 

we consider two particles or a particle interacting with Carroll gauge fields the dynamics is non-trivial. 
The same phenomenon occurs in tachyon condensation when the tachyon interacts with a gauge field [21]. 
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the AC algebra. The Lifshitz dilatations are not included in these symmetries. Only in the 
flat case the dilatations with ^ = 0 are part of the infinite dimensional algebra. 



[Pa, Kb] 

[H,Ka] 

[H,Pa] 

[Pa,Pb] 

[Ka,Kb] 

AdS 

6abH 

Pa 

_ 1-K 

■^Mab 

Mab 

Poincare 

SabH 

Pa 

0 

0 

^ab 

Newton-Hooke 

SabZ 

Pa 

-^Ka 

0 

0 

AdS-Carroll 

SabH 

0 

-^Ka 

-^Mab 

0 

Galilei 

SabZ 

Pa 

0 

0 

0 

Carroll 

SabH 

0 

0 

0 

0 


Table 2 

This table gives an overview of the algebras of the relativity groups that we consider in this paper. 


In the second part of this paper we consider the supersymmetric extension of the Carroll 
algebras®. We first construct the Af = 1 AC superalgebra in any dimension (see Tables 2 
and 3, where Q stands for the generator of supersymmetry). A difference with respect to the 
supersymmetric Newton-Hooke case is that we have a conventional supersymmetry algebra, 
where the energy and boost generators appear in the anti-commutator of the supersymme¬ 
tries. The AC superalgebra in the flat limit contains the supersymmetric extension of the 
‘Lifshitz boost extended Carroll algebra’ introduced in appendix B of [30]. We construct 
the AC superparticle action both as the non-relativistic limit of the relativistic massive 
superparticle [31,32] as well as by applying the non-linear realization technique. As we will 
see the Af = 1 AC superparticle like in the Relativistic and Galilean case is non-BPS, i.e. the 
supersymmetries are non-linearly realized. We will study the super-Killing equations and 
we And in general an infinite-dimensional algebra of symmetries thereby extending the finite 
Af = 1 super AC transformations. 


^■ = 1 

[Mab,Q] 

[Pa,Q] 

{Qoli Q/?} 

Newton-Hooke 

AdS-Carroll 

2^abQ 

2^abQ 

0 

^laQ 

2SapZ 

[7°C-l]c/3H+|[7“°C-l]„;3Ra 


Table 3 

In this table we give the (anti-)commutators of the A/” = 1 Newton-Hooke and AdS-Carroll superalgebras 
that involve the generators Q of supersymmetry. Note that here is no duality between the two algebras. 


Inspired by the relativistic and Galilei case we will investigate whether the AA = 2 Carroll 
superparticle is BPS or not. For simplicity we restrict to the three-dimensional case. We 
first construct the AA = 2 Carroll superalgebra as a contraction of the Af = 2 Poincare 
superalgebra. This leads to the result given in Table 4. We see that, unlike in the bosonic 

®A first attempt in this direction was done in the unpublished notes [29]. 


5 

















Af = 2 

[Mab, Q^] 

[Ka,Q+] 

{Qt,Qt} 

{Qf:,Qp} 

{Qa ) Qp } 

Galilei 

Carroll 

2^abQ 

2^aoQ 

0 

b°c-^UH 
^b°C-%0{H + 2Z) 

[rC-%0Pa 

0 

2b°C-XpZ 

\b^C-^U{H-2Z) 


Table 4 

In this table we give the (anti-)commutators of the J\f = 2 Galilei and Carroll supersymmetry algebras. 
Note that there is no duality between these two algebras. 


case, there is no duality in the supersymmetric case. Next, we construct the action for the 
Af = 2 Carroll superparticle. This action has two terms, one of them is a Wess-Zumino 
(WZ) term. If we properly choose the coefficients of the two terms we find a so-called 
kappa gauge symmetry [33,34] that kills half of the fermions. This gauge symmetry has the 
form of a Stiickelberg symmetry, similar to what we found in the Galilean case [18,35]. We 
find that after fixing the kappa-symmetry the super-Carroll action reduces to the action we 
found in the Af = 1 case. The linearly realized supersymmetry acts trivially on all the fields 
and therefore the Af = 2 Carroll superparticle reduces to the Af = 1 Carroll superparticle 
and hence is not BPS. This is rather different from the Af = 2 super-Galilei case were 
BPS particles do exist. The main difference between the super-Carroll and super-Galilei 
cases comes from the kappa symmetry transformations, in the former case it eliminates the 
linearized supersymmetry and it the last case it does not. 

In a separate Appendix we extend our investigations to the Af = 2 curved case and con¬ 
sider the Garroll contraction of the so-called (p,q) AdS superalgebras [36] for the particular 
cases of {p,q) = (2,0) and {p,q) = (1,1). The (2,0) and (1,1) AdS Garroll algebras are not 
isomorphic. We find that the associated particle actions are rather different. While in the 
(2,0) case we have kappa-symmetry, we find that this is not the case in the (1,1) case. The 
two models have different degrees of freedom. 

This paper is organized as follows. In section 2 we discuss the bosonic free AG particle 
thereby extending our previous analysis [28] to the curved case. In particular, we construct 
the action and investigate the Killing equations. In section 3 we consider the Af = 1 AC 
superparticle. At the end of this section we discuss the flat limit. Finally, in section 4 we 
investigate the Af = 2 Super Carroll particle. Our conclusions are presented in section 5. 
Some technical details and the extension of the Af = 2 Super Carroll particle to the curved 
case, for three dimensions only, are given in three Appendixes. 

2 The Free AdS Carroll Particle 

Before discussing the supersymmetric case we will first study in this section different aspects 
of the free AdS Carroll (AC) particle. 

2.1 The AdS Carroll Algebra 

In order to write the commutators corresponding to the AC algebra, we will start with 
the contraction of the H-dimensional AdS algebra. The basic commutators are given by 
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{A = 0,l,...,D-l) 


[Mab, Mcd] = 2??a[c^d]b - ‘^Vb[cMd]a > (2-1) 

[Mab,Pc] = ‘^VcibPa] , [Pa,Pb] = -^Mab , (2.2) 

where R is the AdS radius. Here Pa and Mab are the (anti-hermitian) generators of 
space-time translations and Lorentz rotations, respectively. 

To make the Carroll contraction we rescale the generators with a parameter u as follows 
[20,23]: 

U) 

Po = ^H, Mao = coKa. (2.3) 

Taking the limit w ^ oo we find that the commutators corresponding to the L)-dimensional 
AC algebra are given by (a = 1,..., — 1): 

[Mab, Mcd] = ‘^'na[cMd]h - ‘^'nb[cMd]a , [Mab, Kc] = 25c[fe.^a] , (2.4) 

[Mab, Pc] = 26c[bPa] , [Pa, Kb] = ^6abH , (2.5) 

[Pa,Pb] = ^Mab, [Pa,H] = ^Ka. (2.6) 

Notice that the commutation relations of space-time translation coincide with the same 
commutation relations of the AdS algebra. The difference between the AdS and AC algebra 
is in the different commutation relations that involve the boost generators. Note that this 
is not the case for the Newton-Hook algebras. 

The AC algebra can be expressed in terms of the left invariant Maurer-Cartan 1-forms 
, which satisfy the Maurer-Cartan equations dL^ ~\^ ^abP^P^ — 0- Explicitly, these 
equations read 

dLn ~ 0 , dLp — 2Lp L^j = 0 , (2.7) 

9 1 

j T Ci rt T b T ab _ ^ T T d AT ab r\ t ca t cb _ j b j a (n q\ 

dL^ — ZLj^ Lj^ — —Lh^p , dLj^ — ZLj^ Lj^ — 

2.2 Non-Linear Realizations 

In this subsection we apply the method of non-linear realizations [26,27] and use the algebra 
(2.4) to construct the action of the AC particle. 

We consider the coset G/H = AC/SO(D-l) and the coset element g = go U, where 
go = is the coset representing the AC space and U = is a general Carroll 

boost. The (a = 1, ...D — 1) are the Goldstone bosons of broken translations, t is the 
Goldstone boson of the unbroken time translation® and U is parametrized by the Goldstone 
bosons of the broken Carroll boost transformations. 

The reason to consider the coset element in terms of go and U is because in this way 
we have that for a general symmetric space-time go is the coset element representing the 
‘empty’ space-time, while U represents the broken symmetries that are due to the presence 

®The unbroken translation Po generates via a right action [37] [38] a transformation which is equivalent 
to the world-line diffeomorphisms. 
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of a dynamical object, in our case a particle, in the ‘empty’ space-time. For the case of a 
particle U is given by the general rotation that mixes the ‘longitudinal’ time direction with 
the ‘transverse’ space directions, i.e. the Carroll boosts. If we would like to consider as a 
dynamical object a p-brane, we should consider as U the general rotations that mix the 
longitudinal and tranverse directions [38]. 

Returning to the AC particle, it is interesting to write out the Maurer-Cartan form flo 
associated to the AC space 


^^0 = go^dgo = He° + Pac'^ + , (2.9) 


where (e*^,e“) and are the space and time components of the Vielbein and spin 

connection 1-forms of the AdS space, respectively. If we parametrize the AdS space as 
eHtePax°- ^ the Vielbein and spin-connection 1-forms corresponding to the AC space are 
given by 


= dtcosh 


X 

R’ 


e“ = — sinh -|- 

X R X 

2 


\^x°‘x^dxb(^ 


l-^sinh^ 

X R 


OJ 


UJ 


ab 


xR 
1 


= -^dte“sinh^, 


= — T :{ x ° dx ^ — x °‘ dx ^ 
2x^ 

These 1-forms satisfy the structure equations 

de° -I- “ w = 0 , 

de^-2uj , 


cosh — — 1 

IX 


de^ -2e^uj^'^ = 0 
dw -2uj^uj^^ = 


1 


b^a 


2R2 


e e 


( 2 . 10 ) 


( 2 . 11 ) 

( 2 . 12 ) 


We see that the Vielbein satisfies the torsionless condition and that the AC space, like the 
ancestor AdS space, has constant negative curvature. 

We now insert a particle in the empty AC space and consider the Maurer-Cartan form 
of the combined system: 


n = g-^dg = U-^noU + U-^dU . (2.13) 

In order to derive an expression for Q we need to know how the space-time translation 
generators and the boost generators transform under a general Carroll boost: 

U-^HU = H + ^v'^P,, 

U PaU = Pa 1 (2.14) 

KaU = Ka, 

U~^ Mab U = Mab + VbKa - VaKb . 

We have also U~^dU = dv°'Ka- Using these formulae we find that the Maurer-Cartan form 
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O is given by 


Lh = e^ + -VaC'^ , 


^ (2.15) 

Li^“ = + (in“ + 2vb uj°'^ , 

We note that that the Maurer-Cartan forms of space-time translations can be written in 
matrix-form as follows: 


( Lh, Lp-) = { 6°, e“ 



(2.16) 


The matrix appearing at the right-hand-side is the most general Carroll boost in the vector 
representation. 

We now proceed with the construction of an action of the AC particle. An action with 
the lowest number of derivatives is obtained by taking the pull-back of all the L’s that are 
invariant under rotations, see for example [38]. In this way we obtain the following action: 


S = M 


= M 


{LhT = M 


e H— Vae' 
2 




, X R 1 h R . , X' 

dr I t cosh -|- —VaX smh ■ ' - 


R~^ 2x 


R 


1. / R T x\\ 

+ W (l--sinh-)j 


(2.17) 


This action is invariant under the following transformation rules with constant parameters 
(C, a*, A®, A)) corresponding to time translations, spatial translations, boosts and spatial 
rotations, respectively: 


r A \ h 1 X ^ h T X 

ot = —C H-A Xk tanh -- -|- -—a xu tanh -- , 

^2x RRx R' 

dx® =- 2 (x^a^Xk — — coth — (x®a^Xfc — a®x^) ) — 2A®^ x* , 

X \ -tv -tv 

5u® = —A®-^A^XfcX®sech-- (l — cosh — 2A®,- — -^a!' 


x^ 


R 


R 




(2.18) 


2 ^ „ x®a^Xfc sech^ (l- cosh -|- —Uba[®x^]csch-^ (l - cosh . 
R-^x^ R\ RJ Rx R V RJ 


The equations of motion for t, x“ and read 

1 X 

0 = — —x^'Xa sinh -- , 
xR R' 


R .n . . X 1 _ R . ^ X\ 

0 =-X smh- -X XhX 1-smh — , 

2x /?. 2.x2 * V X RJ 

1 


R 2x2 
X 1 


^ -- . X i ft./, R . - X 

0 = —Va smh —- -tXa smh — -h ^^XaX Uft 1-smh — 

2x R xR R 2x^ V X it 


+ ^ {vax'" - XaVh) ( cosh “ l) • 


R 


(2.19) 
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These equations imply that 


= 0 , 

1- . X R . . ^ X 1 h- ft R 1 x\ (2.20) 

—tea sinh — = —Va sinh — + -^XaX Vb[l -sinh — . 

xR R 2x R 2x^ V X R^ 


Notice that the evolution of is non-trivial. If we take the limit R ^ oo we recover the 
flat bosonic equations of motion Xa = Va = 0 and therefore a trivial dynamics for both 
[28], 

The energy and spatial momenta of the free AC particle are given by 


f) r 7* 

E = = -Mcosh-, 

dt R ’ 


Pa = = M 

UXa 

They satisfy the constraint 


R 


. X 1 h ^ ■ -i x\ 

Va Sinh - + ^XaX “ smh - j 


R 

X 


cosh^ 0 = 0 . 
R 


( 2 . 21 ) 


( 2 . 22 ) 


The canonical action of the AC particle is given by ' 

e 


S= dr 


-Et+paX°- - 


E‘^ — cosh^ ^ 

R 


(2.23) 


Note that if we calculate Pa and impose both equations of motion (2.20) we obtain 


M . , X eM^ X , X 

Pn = w^tXa smh — = —— Xa cosh — Sinh — . 

^ Rx RRx R R 


(2.24) 


In the last step we have used that t = —eE = eM cosh see eq. (2.26). This is the same 
result one finds using the Hamiltonian form given in eq. (A.5). 


2.3 The Killing Equations of the AdS Carroll Particle 

In order to find the Killing symmetries of the AC space, it is convenient to consider the 
symmetries of the canonical action (2.23). The basic Poisson brackets of the canonical 
variables occurring in the action (2.23) are given by 


{E,t} = l, {e, 7 re} = l, {xi,pj} = dij. 


(2.25) 


This leads to the following equations of motion; 


p A/[‘^ 2t 

i = -eE , X* = 0 , E = 0, p* = ——X* sinh — , 

2Rx R 


TTf, = -- { E"^ — cosh" 


X 

R 


e = A. 


(2.26) 


Here A = A(r) is an arbitrary function and TTg is constrained by 7te = 0. 

^Alternatively, we can obtain this action by taking the Carroll limit of the canonical action of a massive 
particle in AdS, see appendix A. 
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We take as the generator of canonical transformations 


G = -E^°{t,x,e) +piC{t,x,e) + 7 (t, f, e) 7 re , (2.27) 

where = ^^{t,x,e),^‘^ = ^^{t,x,e) and 7 = 'y{t,x,e). The condition that this generator 
generates a Noether symmetry is that it is a constant of motion and it leads to the following 
restrictions: 

6 = 0 = -E{idtf + e5e^°) + piC + Pi{idtC + edeC) + 7^e 

= eE'^dti^ - XEdef + sinh ^ ( 2 . 28 ) 

- eEpidtC + XpideC - ^ cosh^ ^ . 

From this equation we deduce the following equations describing the symmetries of the AC 
space: 

9e?° = 0 , 5er = 0 , dte = 0, 

P . r 1 T (2.29) 

7 = 2edtC^ , —sinh -1— 7 cosh — = 0 . 

' ^ ’ xR R 2 ' R 

The last two equations can be combined into the single condition 

dtf = —^XiC tanh . (2.30) 

xR R 

The generator G is given by 

G = -£^C°(T x) + Pi C{x) + 7 (t, X, e)'Ke . (2.31) 


From the variation of the momenta we can obtain the transformation rules for Vi as 
follows. First, we use that 


^Pi = {Pi,G} = {pi,-E^^{t,x) +PiC{x) + 2edt^^{t,x)Tre} 
= Edii^ - Pkdii^ - 2edtdii^'ne ■ 


Next, using eq. (2.21) and TTg = 0 we obtain 

' R X 1 . / R X 

—Vi smh — + 7 -^XiX Ufe 1 1- smh — 

2x H Ix^ V X H 


6pi = —Mcosh —di^^ — M 
K 




(2.32) 


(2.33) 


Finally, using the expression for pi given in eq. (2.21), we obtain the following transforma- 
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tions of the variables Vi: 


Svi = - coth ^ - v'^di^a - -^VbX^Xkdi^'"(l - — sinh 

R R Rx \ X Ry 

2 , X R , , X\ 1 /R . x\ 

+ 7&““'7i(‘ - -smh-)x,x,a { +_(_ -coth 

- 7S (V - ? I) 

1 X f R , ^ X ^ o X ^ -, x\ . t, 

+ -^csch—-smh —- 5 - sinh — + 1 + cosh — XiXb^ XkV 

Rx^ R^ X R x^ R R^ 

1 . X / R X R? , 2 ^ Aft k 

+ -—csch— - 2 — sinh —- 5 - sinh — + 1 + cosh — XiXb^ XkV 

Rx R^ X R x^ R. RJ 

1 X / R . ^ X u 

+ —csch— — smh — - 1 UxbV 
R x R \ X R, / 


(2.34) 


We see that the free Carroll particle in an AdS background has an infinite-dimensional 
symmetry. A possible solution to these equations is given by eq. (2.18) which are the 
symmetry transformations of the Carroll group. We do not find any Lifshitz dilatations in 
this case i.e., a transformation with parameters = x^,^^ = zt. 


2.3.1 The Massles Limit 


Using the canonical action 


S= dr 


—Et + paX°' — - [ cosh 


R 


(2.35) 


it is straightforward to take the massless limit M —)■ 0 and obtain the action 


S = J dr (^-Ei + pax^ - ^E'^^ . (2.36) 

We see that in the massless limit the R-dependence of the AC particle has disappeared. 
This means that the massive Carroll particles are affected by the geometry but the massless 
Carroll particles are not. Consequently, in the massless limit there is no difference between 
particles in an AdS or flat background. Furthermore, the isometries should be given by the 
most general conformal Carroll group as it was analyzed in [28] . In this case dilatations are 
included i.e., with parameters = x*, = zt. 


3 The M = 1 AdS Carroll Superparticle 

In this section we extend our investigations to the = 1 supersymmetric case and consider 
the AC superparticle. 
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3.1 The M = 1 AdS Carroll Superalgebra 

We start by taking the contraction of the L>-dimensional N = 1 AdS algebra. The basic 
commutators are given by (A = 0 , Ij • • • ; — 1 ) 

[MaB,Mcd\ = ‘ir]A[C^D]B - ) 

[Mab, Pc] = ‘^'<1c[bPa] , [-Pa, Pb] = Mab , 

[Mab, Q] = --jlABQ , [-Pa, Q] = ^TaQ , 

{Qa,Qp} = 2[j^C-%f^PA + ^b^^C-%fiMAB , 

where R is the AdS radius and Pa , Mab and Qa are the generators of space-time trans¬ 
lations, Lorentz rotations, and supersymmetry transformations, respectively. The bosonic 
generators Pa and Mab are anti-hermitian while de fermionic generator Qa is hermitian. 
To make the Carroll contraction we rescale the generators with a parameter lo as follows: 

Po = |P', Mao = ojKa, Q = VIJQ; a = 1,2,..., D - 1 (3.2) 

Taking the limit w —)• oo and dropping the tildes on the Q we get the following M = 1 AdS 
Carroll superalgebra: 


[Mab, Pc] = ‘2Sc[bPa] , [Mab, Pc] = 26c[bKa] , 


[Pa, Pf,] = '^^ab , 
[Pa, Q] = ’ 


[Pa, Kb] = - 6 abH, 

[Mab, Q] — ~'^'labQ ; 

,,a 0 /^—ll 


[Pa,H] = j^Ka 


{Qa, Q/?} = + -[j-'^C-^fiKa . 

The Maurer-Cartan equation — i f^AB^^P^ = 0 in components reads 


dpH = — -Lp — -Lq'j^Lq , 

dpR —“^pR Pm + ~ ’ 

dpQ =^labpQ Pm - ^7apQpp“ • 


dL^ = 2L^ , 


1 


(3.3) 


^ T ab _ r%T ca T cb [ j b t cl 

cLLm — ’ 


(3.4) 


3.2 Superparticle Action 

We now use the algebra (3.3) to construct the action of the AC superparticle with the coset 

G _ AA = 1 AdS Carroll 
H~ SO(D-l) 

that is locally parametrized as g = go U, where go = is the coset representing 

the ‘empty’ curved AC Carroll superspace and U = is a general Carroll boost repre¬ 

senting the particle inserted in the empty space. The Maurer-Cartan form CIq associated to 
the empty AC superspace is given by 

^^0 = Qo^dgo = HE^ + + MabOJ^^ - QE , (3.6) 
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where {E^,E^,Ea) and are the time and space components of the supervielbein 

and the spin connection of super-AdS if we parametrize the AdS superspace as 
The explicit expressions for these components are given by 

£'° = (it cosh ^ - l:U!‘^’’9jab7^0 , 

HZ Z 

R , r, n X R , X\ 

i? = —dx smh-1- X dxb( 1-smh — , 

X R x^ ^ X R'' 

I " - ^habl^9E^ , (3.7) 

0 ;“^ = {x^dx°' — x^dx^) cosh ^ “ l) > 

Ea = dOa - . 


In this case we have torsion given by Tq = —^E°‘'y^Ea and a non-vanishing spin connection. 
The Maurer-Cartan form for the M = 1 AC superparticle inserted in the AC superspace is 
given by 

Q = g-^dg = U-^noU + U-^dU , (3.8) 

where 

Lh = E'^ + ]^VaE^ , 


Lp“ = E^ , 

Lk^ = a ;“0 + + 2vb , (^- 9 ) 

T ab _ , ,ab 

Lm — ^ 5 


Lqo — Ra ■ 

Note that the Maurer-Cartan forms of the spacetime supertranslations can be written in 
matrix form in terms of the Supervielbein components of the AC superspace as follows: 


( Lh, Lp% Lq^) = { E^, E\ E, 




(3.10) 


Like in the bosonic case the Maurer-Cartan forms of the supertranslations of the AC super¬ 
particle can be obtained from the Maurer-Cartan forms of the AC superspace by a matrix 
representation of the Carroll boost. 

The action of the M = 1 AC superparticle is given by the pull-back of all the L’s that 
are invariant under rotations: 

S = mJ {LhT = mJ(^E^ + lvaE<^y = 

= M [ dr (icosh^ + ^VaX°-sinh^ +-y^x’'vbXaX^(l -—sinh^) - (3.11) 

J \ R 2x R 2x^ V X Ry 2 

- (cosh I - l)) • 

The equations of motion corresponding to this action can be written as follows 

x* = 0 , 0 = 0, 

1. ,x R ,x 1 u / R ^ x\ (3-12) 

—tXa smh — = —Va smh — —^XaX Vb[l -smh — . 

xR R 2x R 2x^ V X it/ 
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We can write a Hamiltonian version of this action with the momenta given by 


Pt = M cosh 


R 


R X 1 u / R X\ ^ bn Qnf ^ \ 


Pa = M 

Pe = ^h^. 


R 

X 


Then, the canonical form of (3.11) is 


X 1 


S = J dr -iE + Xap'^ + OPe - | (^E‘^ - cosh^ ^ - (^Pg cosh ^ 


(3.13) 


. (3.14) 


The bosonic transformation rules for the coordinates with constant parameters ((", a*, A*, A* ) 
corresponding to time translations, spatial translations, boosts and rotations, respectively, 
are given by 

r ^ P \ k 1^ ^ k 1^ 

Of = -C + —A Xk tanh — + —a Xk tanh — , 

2x R Rx R 


fe* = — 


x^a^Xk — coth -^(x*a^Xfc — a*®^) ) — 2A\ , 

R R 


1 


R 


X 


5v^ = —A*- 5 -A^XfcX*sech— 1 — cosh — — 2A*- 


R 


2t 


2t 

Wx‘^‘ 


x^a^Xk sech— ( 1 — cosh — ) + 


1 


66 = —-A“^ 7 afe 0 H-^a''x® 7 fcfe 0 csch— ( 1 — cosh 


1 


R 




R 


Rx 


Vba 


R^ 

f*x^lcsch-^ il — cosh 

K 


(3.15) 


X 

R 


2Rx 


R 


R 


(3.16) 


The fermionic transformation rules with constant parameter e corresponding to the super- 
symmetry transformation are given by 

[■_! ^- 0/1 I ® ^ k— kOn 1 ^ ■ 1 ® 

of = -67 clsech-- cosh —-- x 67 C^sech-- smh —- , 

2 ' R 2R 2x ' R 2R' 

6x^ = 0, 

6v^ = -^x*tanh-^(e7°0cosh7^ — —x^e7^°0sinh 

ihX ±h ' 2 ./l X 

66 = e cosh — -x^'jke sinh — . 

2R X 2R 

3.3 The Super Killing Equations 

The basic Poisson brackets of the canonical variables are given by 

{£;,f} = l, {e,7re} = l, {xi,pj} = 6ij, 

{Pg^,6p} = -6<^, {n“,p^} = -5^. 


(3.17) 
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and the corresponding Dirac Hamiltonian of the action (3.14) is given by 

Hd = ^ (^E'^ - cosh^ ^ + XiTe + [Pe cosh ^ + vTpA , (3.18) 

TTe = 0 and Hp = 0 are the primary constraints, A = A(r) and A = A(r) are arbitrary 
functions. The corresponding primary hamiltonian equations of motion are given by 


t = 


-eH- - 6 * 7 °^, 


x* = 0 , i? = 0 , p* = 


eM 2 


X 


x'dnh-P„p, 


1 


X 


-k,_ = --[E^ - M^cosh^ - 

R 


e = A. 


9 = —pcosh 


R ’ 


p 0 = -^Epj^, p = -A, tip = Pe cosh ^ + ^Ee-f^ . 


(3.19) 

The stability of primary constraints give as secondary constraint the mass-shell condition 
E^ — cosh^ ~ 0 fermionic constraint Pg cosh -|- ^EOj^ = 0. If we require 

the stability of the secondary constraints we get p = 0. Substituting this into (3.19) and 
using the canonical momenta (3.13) we obtain equations (3.12). 

The generator of canonical transformations has a bosonic and a fermionic part given by 

G = -E(^{t,x,9) +PiCit,x,9) +j{t,x,9)7re - Pgxit,x,9) + UpT{t,x,9), (3.20) 

the parameters = ^^{t,x,9), P = p{t,x,9), x = x{'t,x,9), 7 = 7 (t,x, 0) have the 
following restrictions 


0 = G 


= -E{idtf + dgf9) + PiC + PiiidtC + dgC9) -h jne - PeX - Peidtxi + dex^) + HpT 

1 _ ^ ■ tJC tJC 

= eE'^dti^ + -Edt^^Ox^p + Edg^^p cosh — -\ - cosh — sinh — 

Z H xK K K 

- sinh ^PeP - eEpidtC - ]^PidtCh'^p - PideCp cosh ^ 


— -7 ( E‘^ — cosh" 


-t- P^r cosh ^ -h ^ 6 * 7 °r . 
li Z 


^P7°X + eEPgdtX + l:Pedtxdl^P + PedgXP cosh ^ 
Z Z H 


(3.21) 


From this equation we derive the super-Killing equations 

tO 


7 = 2edtC'^, r = -dgxp + ’ 

1 


X 


^ = ^X7°sech^ -h ^Bx^dgxsech^ 


(3.22) 


dtp = 0 , dgC = 0 , dtx = 0. 

The solution to this equations is given by eqs. (3.15) and (3.16) with the symmetry generator 
G given by 


G = -E^°{x,e) +PiCit,x) + 2edt^°{x,9)TTe - Pexix, 0) 
-h Hp^ - dgx{x, e)p + 9) tanh ^p) . 


(3.23) 
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Then, the M = 1 AC superparticle has an infinite dimensional algebra with the transfor¬ 
mation rules given by (3.15) and (3.16). 


3.4 The Flat Limit 

We end this section with some comments on the flat limit {R oo) which can be taken 
directly from the AC curved case in order to obtain the dynamics and symmetries of the 
Af = 1 flat Carroll superparticle. In this case, the time and space components of the 
supervielbein simplify to 

= dt- ^07°40, = 40„. (3.24) 

In the R ^ oo limit, the torsion becomes Tq = and since we are studying the flat 

case, the spin connection vanishes. The supertranslations can be again written in terms of 
the supervielbein in matrix form as in (3.10) and the action is given by 

S = M J (fO + = M J dT{i - + ^vax^) . (3.25) 

The equations of motion that follow from this action are: 

S = ij=9 = 0. (3.26) 


Therefore, the superparticle does not move. The transformation rules of the different vari¬ 
ables are given by 

5t = —C H—-|—67 ^0, = —a* — 2A*- , 

2 2 (3.27) 

5E = -A* - 2AA , 59 = -^XijY^9 + e. 

As we can see from the transformation of 0 the Af = 1 Carroll superparticle is not BPS like 
in the relativistic and Galilean case. 

If we rewrite the action (3.25) in Hamiltonian form 


S 


dr 


— tE -|- XaP'^ + 9Pg 


^(^E^-M^)-[Pg + ^E9j^)p] , 


(3.28) 


it turns out that the super-Killing equations can be obtained as the flat limit of the equations 
(3.22) 


7 = 0, r = -dgxp , dtf = 0 , dtC = 0, dgC = 0 , dtx = 0 , 

1 1 - (3.29) 

where the symmetry generator G is 

G = -F^°(x, 0) -h Pi C(x) - Pex{x, 0) - Updexix, 9)p. (3.30) 

From the variation of the momenta 


^Pi = {Pu G} = Edif - Pkdii^ + PgdiX 


(3.31) 
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and using that the energy, the spatial momenta and the fermionic momenta are given by 

E = -M , Pi = , Pe = , (3-32) 

we find that the transformation rule of u* 

6vi = -2dii^ - Vkdi^'" + Oj^diX ■ (3-33) 

Note that the above symmetries include the dilatations given by 

St = 0, 5x^ = 59 = 0, 5v^ = -r;“. (3.34) 

These dilatations, together with the super-Carroll transformations, form a supersymmetric 
extension of the Lifshitz Carroll algebra [30] with dynamical exponent z=0. The Lifshitz 
Carroll algebra with z=0 has appeared in a recent study of warped conformal field theories 
[22]. 


4 The J\f = 2 Flat Carroll Superparticle 

In this Section we extend our investigations to the Af = 2 supersymmetric case. The flat 
case is discussed in this Section while the curved case will be dealt with in Appendix C. 


4.1 The M = 2 Carroll Superalgebra 

Our starting point is the M = 2 super-Poincare algebra. For simplicity, we consider 3D 
only. The basic commutators are {A = 0,1, 2; i = 1, 2) 


[Mab,Mcd\ = 2'qA[cAlD]B - 2r]B[cPlD]A ) 

[Mab, Pc] = 2r]c[BPA] 5 

[Mas, Q*] = --xabQ'' , 

{QlQ^f,} = 2 [x^C-%pPaP^ + 2[C-X^e^^Z. 

To make the Carroll contraction we define new supersymmetry charges by 

Qt = ^(<3i±7oQa) 

and rescale the different symmetry generators with a parameter oj as follows: 

To = , Mao = ujKa , Z = ujZ , 

g+ = , Q~ = • 

Taking the limit w —>■ oo we obtain the following 3D Carroll algebra 


(4.1) 


(4.2) 


(4.3) 


[Mab,Pc] = 2dc[bKa] , 
[Ka,Pb]=-^5abH, 


[Mab, Pc] = 26c[bPa] ) 

[Mab,Q^] = -^XabQ^ (4.4) 

{Q-,Q0} = h^C-%p{^H-z). 
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The Maurer-Cartan equation dL^ 


^ = 0 in components reads: 


dLn 


dLz 


dL_ 

JT ab 

ai^M 


~2^P ~ 4 '^-")'°-^- “ 4 ^+ 7 °-^'+ ) 

-^^+7°^+ + ^^-7°^- , 

-jlabL- , 

c) T ca T cb 


dL^ = 2Ll,L^\ 
dLx = ‘^Lr ) 

(4.5) 

dL+ = -jlabL+ Lm ) 


4.2 Superparticle Action and Kappa Symmetry 


To construct the action of the M 
coset: 

Lt 

Id 


2 Carrollian superparticle we consider the following 


M = 2 super Carroll 
SO(D-l) 


(4.6) 


The coset element is given hy g = goU, where g^ = is the coset 

representing the ‘empty’ M = 2 Carroll superspace with a central charge extension and 
U = is a general Carroll boost representing the insertion of the particle. 

The Maurer-Cartan form associated to the super-Carroll space is given by 


^^0 = {go)-^dgo = HE^ + PaE^ - Q-E_ - Q+E+ + ZEz , (4.7) 

where {E^, E^^, E^^, E^^, Ez) are the supervielbein components of the Carroll superspace 
given explicitly by 


E^ = dt- -0_7°d0_ - -0+7°d0+ 
4 4 


E^ = dx^ , 


E-a = de-^, E+^ = d9+^, 

Ez = ds + ^0_7°d0_ - ^0+7°40+ • 


(4.8) 


In terms of the supervielbein the Maurer-Cartan form of the Af = 2 Carroll superparticle 
is given by 


Lh = E^ + ^VaE^ , 

L% = E‘^, 


Lz = Ez, 

L\ = dv^ , 

(4.9) 

d^-a = E-^ , 

hi 

+ 

p 

II 

+^ 


As before, we can write the space-time super-translations in matrix form in 

terms of the 


Vielbein of Carroll superspace as follows: 


{Lh, Lp\ L_„, L+„, Lz) = {E^, E-, 


E-a^ -E+a, Ez 


/I 0 0 0 0\ 

^Va 10 0 0 

0 0 1 0 0 . 

0 0 0 1 0 

V 0 0 0 0 1/ 

(4.10) 
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The action of the M = 2 Carrollian superparticle is given by the pull-back of all the L’s 
that are invariant under rotations: 


S = a liLHr + bJiLzr 

= a J - ^^+7°^+ + + ^/ - ^^+7°^+^ • 

(4.11) 

The equations of motion corresponding to this action are given by 

Xa = 0, Va = 0, 0-=O, 0+ = O. (4.12) 


The transformation rules for the coordinates with constant parameters ((", tj, a*, A*, A), 
e+, e_) corresponding to time translations, Z transformations, spatial translations, boosts, 
rotations and supersymmetry transformations, respectively, are given by 

6t = -C + ^X^xi + , 5x^ = -a* - 2A7 , 

6s = -'n- -e_7°0_ + -e+7°0+ , 6v^ = -A* - 2A7 , (4.13) 

2 2 ■' 

59+ = —-A“^7ab0+ -|- e+ , 56- = —-\°‘^^ab9- + e- ■ 


To derive an action that is invariant under additional ^-transformations we need to find 
a fermionic gauge-transformation that leaves Lh and/or Lz invariant. The variation of Lh 
and Lz under gauge-transformations is given by 


5Lh — d{[5zH]) + ij^L%[5zx] + -^Lk[5zp\ + -L_7°[fc_] -|- -L+^^[5z+\ , 
5Lz = d{[5zz]) - L-7°[fe-] + i+7°[fe+] • 


where [dz*^] is obtained from Lp by changing the 1-forms dt, d6+, dO- with the transfor¬ 
mations 5t, 59+, 59-. In analogous way we can construct the other terms appearing in 
(4.14). 

For ^-transformations, [5zh] = 0, [dz^^] = 0, [5zp] = 0, 

0 = 5Lh = \5L^^[5z-] + \59+A5z+] , 

0 = 5Lz = -59--f^[5z-] + 59+j°[5z+]. 

It follows that to obtain a ^-symmetric action we need to take b = T^o. We focus here on 
the case b = —^a. With this choice the action and K-symmetry rules are given by 

S = a j {Lh - ^Lz)*, [5 z+] = k, [52:_] = 0, (4.16) 

where k = k{t) is an arbitrary local parameter. Using this we find the following k- 
transformations of the coordinates 

5t = -0_|_7°fi:, = 0, 59+ = k , 

5s = -O+'^^K , 5va = 0, 56- = 0. 
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(4.17) 


After fixing the K-symmetry, by imposing the gauge condition 0+ = 0, the action reduces 
to 

S = a J (It (^i-^s - ■ (4.18) 

The residual transformations that leave this action invariant are given by 

6t = —C + -X^Xi + , fe* = —o* — 2Ah x^ , 

2 4 •’ 

5s = —rj — -e-'f^O- , 5v^ = —A* — 2A*- , (4-19) 

2 ■' 

=-iA“S„b0_ + e_ . 

The linearly realized supersymmetry acts trivially on all the fields and therefore the M = 2 
Super Carroll particle reduces to the M = 1 Super Carroll particle and hence is not BPS 
since the kappa-symmetry eliminates the linearized supersymmetry. This is different from 
the M = 2 Super Galilei case were BPS particles do exist. 

5 Discussion and Outlook 

In this paper we have investigated the geometry of the flat and curved (AdS) Carroll space 
both in the bosonic as well as in the supersymmetric case. We furthermore have analyzed 
the symmetries of a particle moving in such a space. In the bosonic case we constructed the 
Vielbein and spin connection of the AdS Carroll (AC) space which shows that this space 
is torsionless with constant (negative) curvature. We constructed the action of a massive 
particle moving in this space thereby extending the flat case analysis of [28]. Like in the 
flat case, we found that the AC particle does not move. However, in the curved case the 
momenta are not conserved. Particles moving in a Carroll space, whether flat or curved, do 
not have a relation among their velocities and momenta. 

Using the symmetries of the AC particle we have computed the Killing equations of the 
AC space. We found that these Killing equations allow an infinite-dimensional algebra of 
symmetries that, unlike in the flat case, does not include dilatations. Another difference with 
the flat case is that there is no duality between the Newton-Hooke and AdS Carroll algebras. 
Furthermore, in the curved case the mass-shell constraint depends on the coordinates of the 
AC space. 

In the second part of this paper we have extended our investigations to the supersym¬ 
metric case. Unlike the bosonic case, the N = 1 AC superspace has torsion with constant 
curvature due to the presence of fermions. Like in the bosonic case, we found that the N = 1 
AC superparticle does not move and the momenta are conserved. We have constructed the 
Super-Killing equations and showed that the symmetries form an infinite dimensional su¬ 
peralgebra. After taking the flat limit we found that among the symmetries of the N = 1 
Carroll superparticle we have a supersymmetric extension of the Lifshitz Carroll algebra [30] 
with dynamical exponent z = 0. The bosonic part of this algebra has appeared as a sym¬ 
metry of warped conformal field theories [22]. 

We also showed that the M = 2 Carroll superparticle has a fermionic kappa-symmetry 
such that, when this gauge symmetry is fixed, the M = 2 Carroll superparticle reduces 
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to the M = 1 Carroll superparticle. Apparently, in flat Carroll superspace the number of 
supersymmetries is not physically relevant. This is due to the fact that the kappa gauge 
symmetry neutralizes the extra linear supersymmetries beyond M = 1. Unlike the bosonic 
case, there is no duality between the M = 2 Super Galilei and Super Carroll algebras. 

In a separate appendix we investigated the M = 2 AC superparticle We studied the so- 
called (2,0) and (1,1) super-Carroll spaces and the corresponding superparticles. Physically, 
the (2,0) and (1,1) cases are different, they have unequal degrees of freedom. For instance, 
only the (2,0) superparticle has a kappa-symmetry. Apparently, for the AC superparticle 
the type of supersymmetry one considers does make a difference. 

As a possible continuation to the ideas presented in this paper it would be interesting 
to find the coupling of the AdS Carroll particle, and the corresponding superparticle, to 
the (super) AdS gauge fields. Like in the flat Carroll case [28] we expect that the (super) 
particle will have a non-trivial dynamics. 

Finally, it would be interesting to study if one could construct the corresponding Carroll 
(super) gravity theory. There are two approaches to this issue. One approach is to gauge 
the (super) Carroll algebra and/or the Lifhsitz Carroll algebra with z = 0. In this respect 
we note that the gauging of the Carroll algebra as performed in [28] can be improved by 
imposing curvature constraints that allow to set some of the spin-connection fields equal to 
zero, like in [22], instead of trying to solve for all of the spin-connection fields. It would 
be interesting to apply this improved gauging technique to the other algebras as well. A 
second alternative approach would be to try to define an ultra-relativistic limit of relativistic 
(super-)gravity similar to the non-relativistic limit. 
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A The Carroll action as a Limit of the AdS action 


In this appendix we show how to obtain the action of the D-dimensional free AdS Carroll 
particle starting from the massive particle moving in an D-dimensional AdS spacetime and 
to take the Carroll limit. The canonical form of the action before taking the limit is given 

by 

S = J drlpf^x^ - ^{g^uP^p’' + m^)], (A.l) 

where r is the evolution parameter, is the metric of an AdS space and e is a Lagrange 
multiplier. We use that the signature of the metric is (—, ..) and that the AdS line 

element is given by 

= — cosh^ — (dx^)^ H- 5 - sinh^ --(dx“)^ — ( sinh^ (dx)^ , (A. 2 ) 

R R \x^ R I 

where x = \/xaX“. To take the Carroll limit we first consider a re-scaling of the variables 
x° = — , p^ = ujE , m = ojM , e =- 77 , (A.3) 

LO LO^ 

and next take the limit cu —?■ 00 to obtain 

S = y dr[-Dt-Fp“xa - |(D^ - cosh^ ^)]. (A.4) 

The equations of motion are given by 

i = —eE , D = 0 , 

■nr. -n n , X X 

= 0, cosh — smh — , (A.5) 

e = A , VTe = —-(D^ — cosh^ -^). 

2 R 

Note that although the dynamics of x is trivial, i.e. x“ = 0 (the particle is not changing 
its position), the momentum is changing over r because 7 ^ 0. In the flat limit (the limit 
when R —?■ 00 ) the particle is at rest and does not move. 

Finally, the mass-shell constraint reads 

cosh^ ^ = 0 . (A. 6 ) 

it 

B The super-AdS Carroll action as a limit of the super-AdS 
action 

In the supersymmetric case, we obtain the action of the free AdS Carroll superparticle 
starting from the massive superparticle moving in an AdS spacetime whose action is given 

by 

•S’ = y dr[x^p^ -h - ^{gfMuP^p'" + m^) + {P<f, + g^,uP^<PY)>] , (B.l) 
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where g^i, is the AdS metric with line element given by eq. (A.2). Rescaling the variables 
as 

n ^ n ^ 

X = — , p = ojE , m = ojM , e =-^ , 

(jJ iO^ 

1 1 
4> = , P6 = V^Pe, A = —^p, 

\/uj ^ 

allows us to take the Carroll limit with w —>■ oo to obtain 

dT[-iE + + ~ePe-^{E‘^ - cosh^ + [Pq cosh ^ +Eh^)p] . (B.3) 

2 \ K J K 

The primary equations of motion are 



(B.2) 


i = —eE — 07^/9, 
= 0 , 

e = A, 

. ^ 

9 = — cosh —p , 

R 

p = -A, 


E = 0, 

eM^ „ X X 1 

p =——X cosh — smh —- —x smh—fhp, 

Rx R R xR R 

TTe = - M^cosh^ , 

h = -Epj\ 

rip = Pe cosh ^ + E 07 ° . 

K 


(B.4) 


After requiring the stability of all the constraints we obtain the equations of motion (3.12). 
Like in the bosonic case we find that the dynamics of x is trivial, i;“ = 0 (the particle is not 
changing its position), but that the momentum is changing over r because ^ 0. 


C The 3D J\f = 2 AdS Carroll Superparticle 

There are two independent versions of the 3D M = 2 AdS algebra, the so-called AA = (1,1) 
and M = (2, 0) algebras. Correspondingly, there are two possible M = 2 AdS Carroll 
superalgebras which we consider below. 

C.l The Af = (2,0) AdS Carroll Superalgebra 

We will start with the contraction of the 3D Af = (2,0) AdS algebra. The basic commutators 
are given by {A = 0,l,2;i = 1, 2) 

[Mab, Mcd] = ‘2''nA[cMD]B - ‘^'nB[cMD]A : [Mab, C*] = --IabQ'' , 

[Mab,Pc] = 2??c[sT4] , [Pa, Q*] = 3:7aC* , 

[Pa, Pb] = ^x^Mab , [n, Qi = 2xP^Q^ , 

{Qa, Q'P = 2 [^^C-XpPaP^ + 2x[j^^C-XpMabP^ + 2[c-XpP^n . 

Here Pa,Mab,'P and are the generators of space-time translations, Lorentz rotations, 
SO(2) R-symmetry transformations and supersymmetry transformations, respectively. The 
bosonic generators Pa, Mab and TZ are anti-hermitian while de fermionic generators Qo 
are hermitian. The parameter x = 1/{2R), with R being the AdS radius. Note that the 
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generator of the SO(2) R-symmetry becomes the central element of the Poincare algebra in 
the flat limit a: —>■ 0. 

To take the Carroll contraction we define new supersymmetry charges by 

Qt = liQl^ioQl) (C.2) 

and rescale the generators with a parameter to as follows: 

Po = ^H, 'R = u)Z, Mao = ujKa, . (C.3) 

Taking the limit oj ^ oo and dropping the tildes on the we get the following 3D 
J\f = (2, 0) Carroll superalgebra: 


[Mab, Pc] = 24[b-Pa] ) 


[Mab, Kc] = ‘^^dbKa] ) 


[Pa,Pb] = , [Pa, K^] = U^bH , [Pa, H] = ^Ka 

[Pa, Q^] = ^TaQ"^ , [Mab, Q^] = -]pabQ^ , (C.4) 

{Qt,Qt} = \a"C-Xp{H + 2Z) , {Q-,Q-^} = - 2Z) , 

{Qt,Q-p] = ^b^^c-XpKa. 

In components the Maurer-Cartan equation dL^ — ^ = 0 reads as follows: 

dLn = — ~ ) dLp = 2Lp , 

dL^ =2L| + ^LhLp- - , dLz = -^T+7°i+ + ^^-7°^- , 

dL. =^^abL- - ^laL+Lp- , dLp = ^^abLp - ^laL-Lp^^ , 

JT ab _or ca T cb , ^ j bj a 

cLLm —2Lj^ Lpj + -^J^Lp Lp . 


(C.5) 


C.2 Superparticle action 

We use the algebra (C.4) to construct the action of the M = 2 Carrollian superparticle. 
The coset that we will consider is 

G _ AA = (2,0) AdS Carroll 
H~ SO(D-l) ’ 

with the coset element g = go U, where go = 6^°“^-e^°‘^+e^^ is the coset represent¬ 
ing the M = (2,0) Carroll superspace with a central charge extension and U = is a 

general Carroll boost that represents the superparticle. 

The Maurer-Cartan form associated to the super-Carroll space is given by 

= igo)~^dgo = HE° + PaP“ + KaOj^^ + - Q-E_ - Q+E+ + ZEz , (C.7) 
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where {E^, E^, E+^, Ez) and are the supervielbein and the spin connection 

of the Carroll superspace which are given explicitly by 


E^ 


Ea 


ijj 


aO 


OJ 


ab 


E_ 


E^ 


Ez 


dt cosh ^ + e+j^de+) - ^a;“'’( 6 '+ 7 a 67 ° 6 '+ + 9--fabl' 

+ ^9.r^9+E\ 

E , „ . , X 1 / R . ^ x\ 

— dx sinh — H- -x x dxi,{ 1-sinh — , 

X R x^ \ X Ry 

~ - -^{hlab7^9+ + O-Jab-f^O-)^ 

-^a;''=0_76c7“°0+, 

Arfx^dx^ cosh - - l) , 

2x^ ^ R ^ 

[d9-]a — l^^la9+\aE‘^ + -0;“^[7afe0_]Q, , 

[d9j^]a — ^[7a^-]a-E'“ + [labd+\a , 

ds + ^ 0 _ 7 °d 0 _ - ^0+7°d0+ 

- \u-\9+^abl^9+ + 0_7a67°0-) + • 


We can use the supervielbein to write the Maurer-Cartan form of the N = 
super particle as follows; 

L% = E‘^, 

Lz = Ez, 

E+a = E+a ■ 


Lh = E^ + ^VaE<^ , 

L% = uj^^ + dv^ + 2vbUj'^\ 


(C.8) 


(2,0) Carroll 


(C.9) 
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C.3 Global Symmetries and Kappa symmetry 

The action of the Carrollian superparticle is given by the pull-back of all L’s that are 
invariant under rotations; 


S = a 


f 1 f- R -n ■ T X 1 h -nf-, R 

= a dr [ t cosh -- H- VaX sinh -- -|- -x VhXnX 1-sinh -- 

J \ R2x R 2x^ \ X R) 

- - 1 ^+ 7 °^+ - ^a:V(0+7a67°6'+ -t ( cosh ^ - 1 


1 x „n/, r. • 1 2 : 1 .ft/, R . ^ x 

-t—tl_7 ^ 6 + Xa sinh — -t —XaXbX 1-sinh — 

4rc L K R.X \ X R 


+ b J dT(^s + - ^(9+7°(9+ - ^x^x“(6'+7afe7°6»+ - 6»_7a67°6'_)(cosh ^ - l) 

-t—0_7“°6*+ \xa sinh — H—XaXftX^fl — — sinh —^ , 

(C.IO) 

which is invariant under the following bosonic transformation rules for the coordinates with 
constant parameters (C, 7, cd, A*, corresponding to time translations, Z transformations, 
spatial translations, boosts, rotations, respectively 

R u X t k , 1 ^ 

ot = -Q + —A Xk tanh — -|- -—a Xk tanh — , 

2x R Rx R 

6 x^ = (x'^a^Xk — coth -^(x*a^Xfc — a*x^)^ — 2 \\ x^ , 


R R 


5s = —T] . 


5v^ = —A*-;rA^XfcX*sech— (1 — cosh -- ) — 2A*- 


—— 


i?2 R2x2 


x'^a^Xk sech— (l — cosh —^ -|- -^Uftot^x^^csch— (l — cosh —^ 

R\ RjRx R\ r) 


56+ = --A“Saft6'+ -b -—arx'^-fkbO-csch.— 1 - cosh 


59- = --X^’’-fab9- + -—a^x^jkbO+csdi— 1 - cosh 


(C.ll) 
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The same action is invariant under fermionic transformation rules with constant parameters 
(e+,e_) corresponding to the supersymmetry transformations 


1 . 

4 ' 


R 


2R 


r- ()„ , X T X 1 U- U()„ , X , X 

dt = -e +7 c^+sech— cosh —-- x e +7 c^_sech— smh —- 

A I ' ^ on A I I D on 


R 


2R 


1 


1 


“ 0/7 1 1 /b ■“ /cO /7 1 • 1 

+ - 6-7 y_sech— cosh ——x e _7 y+sech— smh —- 

4 R 2R Ax R 2R 


(ix* = 0. 


1 


Rx 


(5n* = ^^x*e+ 7 ^ 0 + f - tanh — cosh — - 2 sinh 

- +V 2 i? 2 i? 2 i?/ 


+ —e+ 7 *'^ 0 _ cosh — 
R^’ 2R 


+ 


1 j k- kOn j 1^*1 ^ 

«_ tanh-smh- 

1 0/1 i 1 ® , X 1 jQ . X 

—X tanh - nosh £- 7 t 7 9- smh — 


1 i k- A-O/in i^'i ^ 

X X e_7 tanh — smh — 

'7^ T7 n T7 


2Rx‘^ 


R 


2R 


^ 1 „fc- „,fc0/7 • ■ * 


= 2«+7°^+ cosh ^ + ^x'^e+7''''6'_ sinh 

— -e_7°0_ cosh 4 ^-sinh 

2 ’ 2R 2x ’ ^ 2R 

69 ^ = e+ cosh H—x^7fce_ sinh — , 

+ + 2R X ' 2R' 

56- = e_ cosh — + — x^7fce+ sinh — . 

2i? X ' + 2R 


(C.12) 


To derive an action that is invariant under ^-transformations we need to find a fermionic 
gauge-transformation that leaves and/or Lz invariant. The variation of L}j and Lz 
under gauge-transformations are given by 


5Lh — d{[5zH]) + + 2^+l^[^^+\ 

5Lz = d{[5zz]) - L-7°[fc-] + i+7°[fc+], 


(C.13) 


where, for example, [Sz'ji^] is obtained from Lh by changing the 1 -forms dt, d9^, dO- with 
the transformations 5t, 59+, 59-. For ^-transformations we have [5zh] = 0, [5zj^] = 0, 
[5zp] = 0 and hence we find 


5Lh = l59-^^[5z-] + ^59+j^[5z+] 
5Lz = -<50_7°[fc_] + 59+j^[5z+]. 


(C.14) 


It follows that to obtain a ^-symmetric action we need to take the pull-back of either Lp 
or Lz, with b = i^a. We focus here on the case b = —^a. For this choice the action and 
K-symmetry rules are given by 


S = a 


-ir/r. 


[5z+\ = K, [5z-\ = 0, 


(C.15) 
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where k = k{t) is an arbitrary local parameter. Using this we find the following k- 
transformations of the coordinates 


6t = ^sech-^0_i_7°K , dx"' = 0 , 

A R 

5s = , 5va = x“0+7°Ktanh — , 

2 + ' ’ 2Rx R 

After K-gauge fixing (setting 0+ = 0) the action reads 


56 = K , 
= 0. 


S = a 


dr 


f ■ , X 1. R , X 

cosh + —VaX Sinh - + —X VbXaX ( 

-^(9_7°0_ - ^x^i:“0_7ab7°6'_(cosh^ - 1 


-^sinh^) 
X rJ 


This action is invariant under the following transformation rules 


5t = — ^x^e+7^°0_sech^ sinh ^ + ie_7°0_sech^ cosh ^ , 
5x^ = 0, 




x*x^e+7 


kO 


X X 

tanh — sinh —- 
R 2R 


1 )•- n/> , 1 ® T 2 ; 1 . 1 

+ R 2fl - =“'‘' 2R 

& = sinh ^ cosh A . 

(ifi_ — e_ cosh H—x^7ts+ sinh —— . 

2i? X ' ^ 2R 


(C.16) 


(C.17) 


(C.18) 


C.4 The J\f = (1,1) AdS Carroll Superalgebra 

We now consider the 3D A/^ = (1,1) anti-de Sitter algebra which is given by 

[Mab,Mcd] = ‘^r]A[cMD]B - ‘^'riB[C^D]A > WaB, Q^] = -^IAbQ^ , 

[Mab, Pc] = “^VcibPa] , [Pa, Q^] = PxjaQ^ , 

{Qt, Qp = ^b'^C-XisPA ± Axb^^C-%pMAB , [Pa, Pb] = ^x^Mab ■ 

(C.19) 

Here Pa, Mab and are the generators of space-time translations, Lorentz rotations and 
supersymmetry transformations, respectively. The bosonic generators Pa and Mab are 
anti-hermitian while de fermionic generators are hermitian. Like in the previous case, 
the parameter x = l/(2ii) is a contraction parameter. 

To make the Carroll contraction we rescale the generators with a parameter u as follows: 

Po = ^H, Mao=ujKa, = (C.20) 

Taking the limit tc —?■ 00 and dropping the tildes on the we get the following 3D 
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M = (1,1) Carroll superalgebra: 


[Mab, Pc] = 24[fe-Pa] 


[Mab, Kc] = 26 c[bKa] , 


[Pa, Pb] = , 

[Pa,Q^]=±^laQ^, 


[Pa,Kk] = -5abH, 

[Mab,Q^] = -^JabQ^ 


[Pa,H] = 


(C.21) 


(C.22) 


{g^, Q|} = 2[j^C-^]H ±. 

The corresponing componetns of the Maurer-Cartan equation clL^ — ^ = 0 are 

given by 

dlH = - Z+7OL+ - L.yOL. , 

dLp = 2Lp , 

dL^ = 2L^ + -^LhLp°‘ — —L+7“°L+ + —Z_7“°L_ , 

jj ah _ c\T ca T cb \ ^ r b j a 

’ 

<^P+ = -jlabLp — -^■JaL+Lp°' , 
dL- = -labL- + —7aL_Lp“ . 

C.5 Superparticle Action 

Taking the algebra (C.21) we consider the following coset 

G _ AA = (1,1) AdS Carroll 


H 


SO(D-l) 


(C.23) 


The coset element is g = goU, where go = is the coset representing 

the Af = (1,1) Carroll superspace and U = is a general Carroll boost representing 

the insertion of the superparticle.. 

The Maurer-Cartan form associated to the super-Carroll space is given by 

^^0 = (gor^dgo = HE^ + P^E^ + - Q-E_ - Q+E+ , (C.24) 

where {E^, E'^, E^^, Ep^) and (a;“^,C(;“^) are the supervielbein and the spin connection of 
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the Carroll superspace: 


= (it cosh ^ - 6'_7°d6'_ - 6'+7°d6'+ - w“^(6»+7a67°6'+ + 6'_7afe7°6»_), 

= -dx^ sinh - + 1 - - sinh -) , 

X R x^ ^ X R'' 

^ _ 2 X _ 1 ^ 0_7,,7O0_)i?' 

xR R R^ 

- |( 0 + 7 “°d 0 + - 0 - 7 “°d 0 -), (C. 25 ) 

= J-(x^dx“ - x“dxhf cosh - - l) , 

2 x^ ^ R ^ 

E.^ = [dO.]^ + ^YlJ_]^E- + ia;“'[ 7 a 60 -]a , 

i?+„ = [de+]^ - ^[^,e+UE- + ^u;“n7a60+]a . 

We can use the supervielbein to write the Maurer-Cartan form of the N = ( 1 , 1 ) Carroll 
super particle as follows; 


Lh = E^ + ]^VaE^ , L% = E\ 

= uj^^ + dv^ + 2vb0j‘^\ 

'‘~a ^~a > '^+a '^+0 ' 


(C.26) 


C.6 Global Symmetries 

The action of the Carrollian superparticle is given by the pull-back of all L’s that are 
invariant under rotations; 

S = M JiLn)* 

K T f t f • 1 ^ ^ -n ■ T X 1ft -nf-, ^ ■ 1 

= M dr [ t cosh -- -|- VaX sinh -- -|- ttX vuXnX 1-sinh -- 

J \ R2x R 2x^ \ X rJ 

- 0+7°0+ - ^x^x“((9+7afe7°(9+ -t 0_7ab7°6'_)(cosh ^ “ l)^ • 

This action is invariant under the following bosonic transformation rules for the 
nates with constant parameters (C, a*, A*, Ap corresponding to time translations, 


(C.27) 


coordi- 

spatial 
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translations, boosts and rotations, respectively 


r ^ ^ \ k ^ k 

ot = —4 H-A Xk tann — + a Xk tann — , 

2x R Rx R 


6x^ = -- 


x^a^Xk — ^ coth ^{x^a^Xk — a*x^) ) — 2A\ x' 


X 


x 


i 


JJ2' 


1 


R R 

X 


6v^ = —A*- 5 -A^XfcX®sech— 1 — cosh 


R 


R 


-2X)v^ 


2t 


2t 


_a*_ 

R^ R‘^x^ 


x"^or Xk sech— ( 1 — cosh 
R 


X 

R 


(C.28) 


+ -^Vha^-x 
Rx 


^^csch— 

R 


1 — cosh 


x 

R 


S0+ = -^A“'’7ab(9+ + ^^a^x^'jkbO+csch^ 
2 2Rx R 

66 - = -^A“Safe6'- + T^a^^xSfcfe^-csch^ 
2 2Rx R 


1 — cosh 

1 — cosh 


The same action is invariant inder the following fermionic transformation rules with constant 
parameters (e+,e_) corresponding to supersymmetry transformations; 


X .X 1 fc kOr , X .. X 


St = e+ 7 ^ 0 +sech— cosh -x''e+ 7 ''^ 0 +sech— sinh 


R 

+ e-j^O-sech— cosh + —x*'e_ 7 ^*^ 0 _sech— sinh 


R 


2R X 
X 1 
2R X 


R 2R 

X . , a 
— sinh — 
R 2R 


Sx'' = 0 , 


6v^ = |e+ 7 *° 0 + cosh ^ sinh ^ 

+ -^x* tanh ( e+ 7 ° 0 + cosh — —x^e+j^^d+ sinh 
xR, R, V 2R, X 


2R) 




H - -X tanh — 

xR R 


e_ 7 ° 0 _ cosh ^ + -x''e_ 7 '''' 0 _ sinh ^ ) 
2R X 2R2 


X 


1 


.AO/ 


66+ = e+ cosh ^ + -x^ 7 fce+ sinh 

2R X 2R 

66- = e_ cosh ^ - -x^ 7 fce_ sinh ^ 

2it X 2R 


(C.29) 
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